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this is less than obvious, since simply connected domains can have very complicated boundaries.
Riemann Mapping Theorem (RMT). Suppose that D ⊂ C is simply connected and D = C. Then there is a biholomorphic map ϕ : D → ∆.
There are many consequences to the RMT. In particular, there are a lot of conformal maps: for every proper, simply connected domain, there is a conformal map to the disk. On the other hand, C is not biholomorphically equivalent to ∆ because a holomorphic map ψ : C → ∆ is necessarily bounded, so by the Liouville Theorem ψ is constant. Thus, by the RMT, there are only two classes of simply connected domains in C which are inequivalent up to conformal equivalence, namely the class of ∆ and the class of C. In fact, if f : C → D is biholomorphic, then D = C and f has the form z αz + β with α, β ∈ C. The case n > 1 is different. Many important onedimensional results do not hold for n > 1, and we find new, and sometimes unexpected, phenomena. First, biholomorphic maps are not necessarily conformal (consider (z 1 , z 2 ) (z 1 , 2z 2 )). Further, if n > 1, we find "rigidity" results, and distinct domains are "typically" inequivalent. On the other hand, for unbounded domains, we find larger spaces of holomorphic mappings.
Biholomorphic self-maps of a domain D are called automorphisms, and the automorphism group Aut(D) is a biholomorphic invariant. However, for a "typical" domain D ⊂ C n , n > 1, the automorphism group Aut(D) consists only of the identity transformation. There is no single domain in C n , n > 1, which plays the special role that ∆ plays in C. Leading competitors are the polydisk ∆ n := {max(|z 1 |, . . . , |z n |) < 1} and the ball B n := {|z 1 | 2 + · · · + |z n | 2 < 1}. An exercise in several complex variables is to determine the automorphism groups of ∆ n and B n . These groups are not isomorphic, so the bidisk is not biholomorphically equivalent to the ball. Thus there is no RMT in dimension > 1.
One obstruction for the existence of holomorphic mappings for n > 1 is given by rigidity phenomena. For instance, suppose that U is a domain with 
S. Webster showed that if D 1 and D 2 are both defined by polynomials, then f must be algebraic. Such rigidity phenomena give another obstruction to formulating an RMT for n > 1.
There are also natural questions about the boundary behavior of a biholomorphism. It is natural to ask: What are the domains D for which Aut(D) is "large" in some sense? 
. This defines a biholomorphic map of any domain D ⊂ {v < 0} to its image Φ(D) ⊂ C n+1 . The weights of monomials are given by wt(z
JzK is a nonnegative polynomial which is homogeneous and "balanced" with respect to this selection of weights in the following sense: wt(J) = wt(K) = 1/2 for all (J, K) such that a J,K = 0. It follows that the Cayley transform takes D = {ψ(z,z) + v < 0} to the smoothly bounded domain
Since there is great freedom in choosing weights and coefficients, this gives a large number of smoothly bounded domains with noncompact automorphism groups. As natural as these domains seem, it is not known whether all smoothly bounded domains with noncompact automorphism groups are biholomorphically equivalent to some Φ(D).
Up to this point, we have focused our attention on bounded domains. The situation is somehow the opposite for unbounded domains: there are many automorphisms of C n when n > 1, and the structure of the group Aut(C n ) is not well understood. Perhaps the most striking difference is the existence of Fatou-Bieberbach domains: such domains are strict subsets of C n which are biholomorphically equivalent to C n . These domains arise naturally from considerations of complex dynamics, as we will show here. For parameters a and b, we consider the automorphism f (z 1 , z 2 ) = (z 3 1 + az 1 − bz 2 , z 1 ), which is a cubic mapping of C 2 with a cubic inverse. These maps belong to the family of Hénon mappings. These have been studied as dynamical systems f : C 2 → C 2 and have been found to have rich dynamics, although their dynamical behaviors are still only partially understood. The map f is odd in the sense that f (−z) = −f (z). The fixed points, by definition, satisfy f (z) = z and are three points: (0, 0) and ±P . For generic a and b, the differential Df (±P ) at ±P has distinct eigenvalues |λ 1 | > |λ 2 |. We may choose a, b such that 1 > |λ 1 | > |λ 2 |. We define the basin of P as B(P ) := {z ∈ C 2 : lim n→∞ f n z = P }, which are all the points which approach P in forward time. Since the mapping is odd, the other basin is given by B(−P ) = −B(P ). To examine this basin in more detail, we may uniformize it. That is, we find a biholomorphic map h : C 2 → B(P ).
Analysis and Mathematical Physics (AMP) publishes current research results as well as selected high-quality survey articles in real, complex, harmonic, and geometric analysis originating and or having applications in mathematical physics. The journal promotes dialog among specialists in these areas.
Coverage touches on a wide variety of topics, including: Conformal and quasiconformal mappings, Riemann surfaces and Teichmüller theory, classical and stochastic contour dynamics, dynamical systems, geometric control and analysis on non-holonomic manifolds, diff erential geometry and general relativity, inverse problems and integral geometry, real analysis and potential theory, Laplacian growth and related topics, analysis in free boundary problems, integrable systems and random matrices, representation theory, and conformal fi eld theory and related topics.
ISSN: 1664-2368 (print version) ISSN: 1664-235X (electronic version) Journal no. 13324
N EW V O LU M E
Now we treat f as a dynamical system. We set L(z) = (λ 1 z 1 , λ 2 z 2 ). After an affine change of coordinates, we may suppose that P = 0 and that
2 ) denotes terms of degree 2 and higher. We will find h as a solution to the functional equation
Thus h conjugates the dynamical system (f , B(P )) to the linear dynamical system (L, C 2 ). We wish to show the existence of the uniform limit h(z) := lim n→∞ L −n • f n (z) = id +h(z) in a neighborhood U of the origin. Such a limit clearly must satisfy ( * ). Technically, we may show the existence of the limit directly if we further restrict a, b so that |λ 2 | > |λ 1 | 2 . Now that h is defined on U, we may extend it to f −1 (U) using the identity h = L −1 • h • f on U . It follows that h extends holomorphically to a map h : C 2 → B(P ) = n≥0 f −n U . Using the property that B(P ) is the basin, we conclude that h is biholomorphic, there are no other fixed points in B(P ), and B(P ) is disjoint from B(−P ) = −B(P ). Thus both B(P ) and −B(P ) are disjoint FatouBieberbach domains, and if we think of B(P ) as "large", then we must also think of the complement C 2 − B(P ) as "large". Now that we have the existence of FatouBieberbach domains, we may also consider their increasing limits. That is, suppose that f j : C 
